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The Classicak-pair Problem
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Main Result
Main Theorem

Suppose that a given instance of the classical k-pair problem

has a solution.
Then the associated quantum instance has a perfect solution

if free classical communication 1s allowed.

Classical protocol — Quantum Protocol

X1 Xk o)
v ' '
--------------------- % + free classical /@
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Relation with our Previous Work

This result improves and generalizes our previous work

'KLNR 2009]
arXi1v:0908.1457 and ICALP’09

[KLNR'09] Thais talk
number of bits of free classica .
e polynomial <2
communication sent per edge
condition on the classical protoc linear protocol none

Note: there exist solvable classidapair problems for which no linear
protocol exists [Dougherty, Freiling and Zeger 2005] [Riis 2003
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Quantum Protocol

classical coding scheme quantum simulation

51 52
X y Three steps:

[. node-by-node simulation

X Y Y II. removal of internal
registers

III. removal of initial

registers




|. node-by-node simulation

classical copy node:

&
< =4

quantum simulation:
Q1

Q, Q5 « twonew registers
initialized to |O!

Q1: -®
Q;: %

Qa: -

classical parity node:

Z1 D 2o

quantum simulation:
Q1 Qo

-

Q 3 < new register initialized to |O!

Q1:
Q2: :\Cu

Qa:

&




|. node-by-node simulation

classical copy node:

&
< =4

quantum simulation:
Q1

Q, Q5 « twonew registers
initialized to |O!

Ze—a ()i
Q1 |Z! -® 2|
Q2: |0 Z.\) 2z
Qsz: |0 an z|

classical parity node:

Z1 D 2o

quantum simulation:
Q1 Qo

-

Q 3 < new register initialized to |O!

Q1 Zl> Zl>
Q2: |z —B 251
Qs: |0 Iw Db




|. node-by-node simulation: deta{ f’l /O

initial state:

|£I?!51|y!32

basis state
(for now)

e

)




initial state: |x!g, |y!s,

basis state
(for now)

R




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

1
basis state
(for now)
zoy
\

S1: |x! —e—e- x!
Ri: |0 é 7!
R2: |0 —- !




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

1
basis state
(for now)
zoy
\

S1: |x! —e—e- x!
Ri: |0 é 7!
R2: |0 —- !




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

1

basis state
(for now)
Tl O
-

S1: |z! —e—o x!
Rq: |0l — é x!
R2: |0l —a- !
S2: |Y) l. y)
Rs: |0l - y)
R0 y)




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

1

basis state
(for now)
Tl O
-

S1: |z! —e—o x!
Rq: |0l — é x!
R2: |0l —a- !
S2: |Y) l. y)
Rs: |0l - y)
R0 y)




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

basis state
(for now)

\_
Silzl ==e— o !
Rq1: |0l % _________ !
Ro: |0 ______ b - x!
Sa: |y) l. : y)
Rs: [0 - > Y)
Re— 0k o y)
Rs: |O! e XDY)




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

basis state
(for now)

\_
Silzl ==e— o !
Rq1: |0l % _________ !
Ro: |0 ______ b - x!
Sa: |y) l. : y)
Rs: [0 - > Y)
Re— 0k o y)
Rs: |O! e XDY)




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

1

basis state
(for now)

\_
STl eie—e- !
Rq: |0l — % _________ !
R2: |0l —a- > x!
Sa: |y) l. y)
Rs: |0l - . y)
Ra: |00 —& Y)
Rs: |0 ae I ° XDY)
RG - OI --------- D X 69 y
R7: |0 s XDY




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

1

basis state
(for now)

\_
STl eie—e- !
Rq: |0l — % _________ !
R2: |0l —a- > x!
Sa: |y) l. y)
Rs: |0l - . y)
Ra: |00 —& Y)
Rs: |0 ae I ° XDY)
RG - OI --------- D X 69 y
R7: |0 s XDY




|. node-by-node simulation: deta

initial state: |x!g, |y!s,

basis state
(for now)

S1: |z *

Rq: |Ol é _________
R - -

S2: Iy) <% ;

Rs3: Ol \lu ®
== -

Rs: |O! B .
RS0 oy _(.‘D
R7: |0 O
T41: (O

To: |0
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initial state:
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Il. removal of internal registers
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Il. removal of internal registers
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Il. removal of internal registers
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Il. removal of internal registers
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Il. removal of internal registers
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Il. removal of internal registers
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lll. removal of Initial registers

current state:  » 1y [a)s, [y)s,| )T, 1),
x,y ! {0,1}

ideal state: Z axy |2) 7, |Y) T .
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Sq1: |7
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T1: |
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l1l. removal of Initial re%isters
t

exception: phases are corrected at
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equivalently:

e target noc

————: 1 qubit (original direction)
-------- » : 1 bit (reverse direction)

-------- >: 1 bit (original direction)

one qubit + two bits sent per edge




Main Theorem (again)

Main Theorem

Suppose that a given instance of the classical k-pair problem

has a solution.
Then the associated quantum instance has a perfect solution

if free classical communication 1s allowed.

one qubit + two bits sent per edge




General Quantum Protocol

classical coding scheme

quantum simulation

Three steps:

[. node-by-node simulation

II. removal of internal
registers

II1I. removal of initial
registers



Conclusions

Without additional resources, perfect quantum network
coding 1s impossible in general

With free classical communication, perfect quantum coding
1s possible whenever classical coding 1s feasible

¥ this works even for nonlinear classical schemes

¥ at most two bits of classical communication are sent per edge

Our proof 1s constructive: efficient construction of a
quantum perfect transmission protocol from any classical

coding scheme



