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The quantum adversary method is a powerful technique to prove lower bounds on
quantum query complexity [BBBV97, Amb00, HNS01, BS04, Amb03, LM08]. The idea
is to define a progress function varying from an initial value (before any query) to a final
value (depending on the success probability of the algorithm) with one main property: the
value of the progress function varies only when the oracle is queried. Then, a lower bound
on the quantum query complexity of the problem can be obtained by bounding the amount
of progress done by one query.
Initially, different adversary methods were introduced, but they were later proved to
be all equivalent [ŠS06]. This unified method relied on optimizing an adversary matrix
assigning weights to different pairs of inputs to the problem. While the original method
only considered positive weights, it was later shown that negative weights also lead to a
lower bound, which can actually be stronger in some cases [HLŠ07]. The relevance of this
new adversary method with negative weights was made even clearer when it was shown
that it is (almost) tight for Boolean functions [Rei09].
For non-Boolean functions, however, the situation is not so clear. For some problems,
it is known that the adversary method gives weaker bounds than the so-called polynomial
method [BBC+ 98, Amb03, KŠdW07], or some other ad-hoc techniques [Amb05, AŠW07].
For this reason, outside of the realm of Boolean functions, the quest for an all-powerful lower
bound technique is not over. In [Špa08], Špalek introduced the multiplicative adversary
method, generalizing previous ad-hoc methods for a set of problems. In particular, he
showed that this method did not suffer from one particular limitation of the usual adversary
method (which we will from now on call additive), the fact that it cannot prove lower bounds
for very small success probabilities (this is not an issue for Boolean functions where the
success probability is always at least 1/2). However, he left unanswered the question of
how multiplicative and additive methods relate in the case of high success probability.
While these methods have been designed to prove lower bounds on the quantum query
complexity of classical functions, in a quantum context it might be interesting to consider
quantum problems, such as quantum state generation. For example, this approach has
been considered in [AT03] as an attempt to tackle the Graph
problem, as it
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G with N vertices. Therefore, an extension of the adversary method to quantum state
generation might prove to be a very useful tool.
The usual approach for proving lower bounds for a problem P by the adversary method
is to assign weights to pairs of functions f and g such that P(f ) 6= P(g) and to look how fast
the state ρt of any algorithm for P diverges for the inputs f and g. The progress function
is then defined as: W t = Tr[Γρt ] where Γf,g = 0 if P(f ) = P(g). In this work we interpret
the method slightly differently with a geometric interpretation: we are interested in the
eigenspaces of ρt . We study how an oracle call transfer some weight from the eigenspaces
of the initial state ρ0 to the one of the final state ρT (this is reminiscent of the approach
of [Amb05, Špa08], where this is done for classical problems). This view motivates a new
definition of the adversary matrix: it is a Hermitian matrix Γ such that for all normalized
Gram matrix M , Tr[Γ(ρ∞ ◦ M )] = 0 where ρ∞ is the target state (zero-error algorithm)
and ◦ denotes the Hadamard product. By giving this interpretation which is closer to the
quantum structure of the problem, we give elementary and highly intuitive proofs of the
additive and multiplicative methods, contrasting with some rather technical proofs e.g.
in [HLŠ07, Špa08].
To solve the open problem of comparing the power of the additive and multiplicative adversary methods [Špa08], we introduce yet another flavor of adversary method: an
additive adversary method for small success probability.
Theorem 1 Consider a quantum algorithm solving P with success at least 1 − ε. Let Γ̃ be
any additive adversary matrix, Sbad be the direct sum of eigenspaces of Γ̃ with eigenvalue
strictly larger than λ̃ < 1, and assume that for all ρ having support only on Sbad the
quantity η(ρ) = maxM [F(ρ, ρ∞ ◦ M )]2 satisfies η(ρ) ≤ η with 0 ≤ η ≤ 1 − ε. We have
1. W̃ 0 = 1,
2. |W̃ t+1 − W̃ t | ≤ maxx Γ̃x − Γ̃ ,
√
√
3. W̃ T ≤ 1 − K̃(Γ̃, λ̃, ε), where K̃(Γ̃, λ̃, ε) = (1 − λ̃)( 1 − ε − η)2 .
] ε (P) = max
Therefore, Qε (P) ≥ ADV
Γ̃,λ̃

K̃(Γ̃,λ̃,ε)
.
maxx kΓ̃x −Γ̃k

This adversary method is equivalent to the additive method for large success probability,
but is also able to prove non-trivial lower-bounds for small success probability, contradicting
the statement in [Špa08] that the additive adversary method fails in this case.
The notion of success probability we use here is the square of the fidelity between the
output of the algorithm and the desired state (when P consists in computing a classical
function, this definition coincides with the usual one). Hence, this method can also be
applied to prove lower bounds on quantum state generation. In fact, we are able to extend
the usual additive and multiplicative methods in a similar way.
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] ε (P) our
We can now compare the strength of the 3 methods. We denote by ADV
new bound, by ADV±
(P)
the
usual
additive
adversary
bound
(with
negative
weights as
ε
in [HLŠ07]) and by MADVε (P) the multiplicative adversary bound [Špa08]. We then have:
] ε (P) ≥ ADV±
Theorem 2 MADVε (P) ≥ ADV
ε (P)/60.
We also show that all these inequalities are strict by considering the search problem
(Grover):
Lemma 3 For any 0 < ε < 1 − n1 , we have

p
√ 
ADV±
(Search
)
=
Ω
(1
−
ε
−
2
ε(1
−
ε))
n
n
ε
√
√ √ 
] ε (Searchn ) = Ω ( 1 − ε − 1/ n)2 n
ADV
√
√ √ 
MADVε (Searchn ) = Ω ( 1 − ε − 1/ n) n .
] ε (Searchn ) > ADV±
In particular, for ε > 1/5, we have MADVε (Searchn ) > ADV
ε (Searchn ).
Two major difficulties of using the adversary method are to choose a good adversary
matrix Γ̃ and to compute the spectral norm of Γ̃x − Γ̃. As it has been previously noted
many interesting problems have strong symmetries [Amb05, AŠW07, Špa08]. Following
the automorphism principle of [HLŠ07], we define the automorphism group of P:
Definition 1 We call a group G ⊆ SM × SN an automorphism group of a problem P if:
1) For any (π, τ ) ∈ G and f ∈ F, we have π ◦ f ◦ τ ∈ F; and 2) For any (π, τ ) ∈ G,
there exists a unitary Vπ,τ such that Vπ,τ |P(f )i = |P(π ◦ f ◦ τ )i for all f ∈ F. (where
M and N are the size of the input and output alphabets of f ∈ F). We also define
Gx = {(π, τ ) ∈ G : τ (x) = x}.
A similar approach has been used before to help designing Γ̃. We push this approach
further to show how it can be explicitly used to compute the adversary bound itself.
Theorem 4

Γ̃x − Γ̃
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˜ lx ,
= maxl ∆

˜ lx is a matrix of size ml ×ml (the multiplicity
where the maximum is over irreps l of Gx and ∆
of l) depending only on irreps of G and Gx . Theses matrices are indeed a lot smaller than Γ̃
since they typically have size at most 2 × 2 [Amb05, AŠW07, Špa08]. We therefore reduced
the adversary method from an algebraic problem to the study of the representations of the
automorphism group.
From these results, we can conclude that the multiplicative adversary method is a
good candidate for a unified framework of lower bound techniques: it generalizes the usual
adversary method which is (almost) tight for Boolean functions, as well as other ad-hoc
lower bounds, and it can also be used to prove lower bounds on quantum state generation.
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Robert Špalek and Mario Szegedy. All quantum adversary methods are equivalent. Theory of Computing, 2(1):1–18, 2006.

5

